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O llpnMenennn 4-MepHblX IIpocTpaHCTBeHHblX rpynn CHMMeTpHH I~ nbIBO]Iy 3-MepHblX 

p-llBeTnblX rpynn ( p =  1, 2, 3, 4, 6) 

H. B. BenoB 14 T. C. Kym~eBnq 

14ncmumym ~¢pucmaa~toepa~uu AKademuu Hayt¢ CCCP, Moc~caa B-333, flertunctca~ npocneKm 59, CCCP 

(IIocmynuna 9 uto3a 1971 e) 

The four-dimensional space symmetry groups of the lower systems previously obtained by the authors 
(Kristallografiya (1971), 16, 5, 268) are used for the independent derivation of 660 Shubnikov groups 
of triclinic, monoclinic, and orthorhombic systems, and also 179 antisymmetry groups of two-sided in- 
finite bands in three-dimensional space. The crystallographic symmetry groups have been.derived for 
four-dimensional polar and non-polar rods which, in particular, are used for deriving 126 three-dimen- 
sional p-coloured point groups (p = 1,2,3,4,6). 
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CymecrByeT cnoco6 m,moRa (n-1)-Mepm,ix ~pnca-a~- 
storpaqb14,~ecI~14x o)IHO-, a~yx- rt MHOrOt~Berm,xx rpyrIn 
C14MMeTp1414 nocpe)ICTBOM rIpOeKTHpOBaH14a n-MepHblX 
oa14ora~eTm,Xx rpynrt, l-Ip14MepOM MO~eT c.ay~14Tb 
~bmO~ A. B. IIIy6nm<o~roxM (1951) n~ocK14x ,aepao- 
6e.rlblX 14 cepblX rpy14rI aHT14C14MMeTp1414 KorteqHblX 
qbm'yp c nOMOtUr~ro 32 TpexMepnr~x TO'-IeqH~X rpynrI. 
Xap~i14 (Hurley, 1967) pacm14prIn O6StaCTb rtprIMeue- 
n14a MeTo~a npoe~T14po~aHna, )~amu14 He3aB14C14MbI~ 
BbIBO~ 122 TpexuepH~X TOqeq14blX rpy1414 aHT14C14M- 
MeTp14tI I43 227 O~HOttBeTHS~X 4-MepHblX rpynm A14a- 
Ytor14qSbIM o6pa3oM Heo)~14oI<paTHO OT614pa~IrICb cpe~tn 
230 qbe~topoacrrtx rpynn  80 14~ocr14x 6ec~oHeqH~X 
rpynn  aHT14CltMMeTp14It (BeaoB, 1959) 14 18 n~oc~ux 
p-IiBeTHblX rpynn  (p = 3, 4, 6) (Beaoa 14 TapxoBa, 1956; 
14H~eH6OM, Benoa n Hepouoaa,  1960). B cBoe BpeMa 
1651 my6H14~OBC~aa rpynna  6 s ~ a  noayqeHs~ q14CTO 
TpexMepHbIM14 cnoco6au14 (3auop3aes,  1957, Be~os, 
HepOHOBa 14 CM14pHoBa, 1955, 1957) TOabKO rtOTOMy, 
qTO 14e 6blY114 143BeCTHbI 4-MepHb~e qbe~opoac~14e rpy- 
nnbI. Ce~qac co3~IaHbI npe~inoc~,x~IK14 an~ rloJiHoro 
BbmO~a 4-Mepm, ix 14pocTpaHCT~eHm,~X rpynn C14MM- 
eTp1414 B B14ae 227 Kp14cTan~IorpaqbnaecK14x reoMeTp14- 
qec~14x ~aaccoB (Hurley, 1967) a 64 TmIOB BpaB3 pe- 
meTr14 (Neubfiser & Wondratschek, 1967; Wondrats-  
chek, Billow & Neubilser,  1971) a Hafi~tem,~ npocTefim14e 
4-Mepm,~e qbe~opo~cK14erpynm,~-B n14cne 1237-,co~tep~- 
attme 3YleMeHTbI CttMMeTp1414 He BbIme BTOpOFO n o p a -  
~I~a (KyHt~eB14q 14 BeaoB, 1971). YKa3aHH~,Ie rpyn14bi 
uoryT 6l~ITb 14CrtO.rlb30BaHbI B npoeI<TrtBrIOM MeTO~e 
2IY~a He3aB14C14MOrO BbIBO~Ia 660 rpynn  aHT14C14MMeTprt14 
Tp14~a14HHO~, MOHO~a1414HO~ 14 pOM614qec~o~ C14HrOHn~ 
14 179 my6H14roacr14x rpynn  6ec~oHeqHb~X ~lBycTopon- 
H14X 3eHT (6op)l~OpOB), qTO 14 c)leaaao ~ Hacxoatue~ 
pa6oTe. 3~lecs AaeTcn T a ~ e  asmo~l 126 rpynn  C14M- 
MeTp1414 4-MepHbIX Hanpaa~enHb~X cTepT~He~, 143OMOp- 
qbHblX Ha~IeHHbIM 3aMop3aeBblM 14 Fa~apcKaM 
(Fasiapcx<u~ 14 3aMop3aeB, 1963; 3aMop3aea, 1968) 
3-MepHr~IM rpyrmaM CI, IMMeTpI4a rto~Io614n. Hp14 
rlpoeKT14pOBaH1414 B)IOJIB cTep~HeBoro HarlpaB.rieH14a 

3Tn 4-MepH~,Ie rpynnb~ )Ia~OT nO.qHb~ Ha6op p-J/BeT- 
HI,IX (p = 1,2, 3,4,6) Toqeq14blX 3-Mepm,Ix rpy14n: 32 
o)114ottaeTm,~e, 58 aayxttaeTm,~x (qepno-6est~,~x) rt 36 
Tpex-, qeTbIpex- I4 I_HeCT14IIBeTHbIX rpynn,  BtGqtoqafl 
3HaHT14OMOpCl)HbIe r p y n n b i .  

1. Bbmo~ my6HllKOBCKIiX rpynn HH3mHX CHCTeM 
MeTO~IOM npoeKTuponaHua 

I4cxo~a ~3 Toro oqeBn~Horo ~aKTa, qTO npHro~- 
HbIM14 ,/IflYl rIpOeKTrIpOBaH14~t MOFyT 6bITb He Bce 
4-MepnbIe TO~e~XH~,Ie rpynn~i C14MMeTpHn (rpucTa~x- 
~maecKne x~accb0, a Ji14m~, Te n3 HnX, KOTOp~,Ie np14BO- 
~IaTCa K qbopMe [ so  

0 + 1 j (1) 

r~e X-na6op  ue~o,~14c~enm,~x 3 × 3 -MaTprm, Xap~14 
(Hurley, 1967) namesi nostHoe ,~14cno TaK14X rstaccoa, 
paanoe 88. Pacnpe~IeaenrIe aTHX rsmccoa no 15 
c14nrounaM MO~HO Ha~x14 a cxaT~,e 5Incena (Janssen, 
1969), a Ta~:a<e a C14CTeMaT14314pOBaHHOM rtosiHOra ra-  
Tanore Bo14~Ipaqera, He~6mcepa rt BIoaoaa (Wondrat-  
schek, Billow & Neubilser,  1971). B nocsle)Ine~ pa6o- 
Te npnBe~eHbI, B qaCTHOCT14, MaTp14ttbI renepaTopoa 
~UIa Bcex ronoa~p14qecI~14x KY~aCCOB. 4-Mepnbie TO'-Ie- 
qei-ible onepatm14 C14MMeTpaH, 14Merom14e + 1 B 
H14~HeH CTpOt<e Marp14qHO~ qbOpMbI (1), rip14 npo- 
eKT14poBau14~t B~O~b qeTBepTo~ Koop~rISaTbI ~a~yT 
i(J/acc14qecK14e, O)IHOIIBeTHt~Ie, oHepaIiI414 C14MMeTp14I/I, 
B TO BpeMa KaK onepatma C14MMeTp14tI, xapa~Tep14- 
3yeub~e --1 B qbopue (1), np14ao~aT ~ ~ayxIIaZTHbIM 
(qep140-6e~sI~ n a n  cepb~u) oneparma~ aHT14C14M- 
MeTptttl. I43 24 TOqeqHbIX onepatm~ C14MMeTpI~Vl B R4 
TOJIbKO 14 nprt~O~InTc~ ~ qbopMe (1) 14, c.r/e)2oBaTe.r/bno, 
p14roa14rom K rtpoeKw14poBaH14ro. 3 r a  orIepau14~t npe- 
acra~ae14~,~ B Ta6narae 1 B o6o3na,aea14nx Xap~m 
(Hurley, 1967) n FepMaHa (Hermann,  1949). 

CooT~eTcT~yrom14e 3-MepH~ae onepatmn CrtMMeTp14rt 
(a14T14CHMMeTp1414) ~am,~ 3~ecb B 14I~Teprmtmonanr,14o~ 

A C 27A - 1" 
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C~2VlBOJItttce (BeJIOB, HepoHosa tt CMHpHOBa, 1955, 
1957). O6o3naqeH~ FepMaHa HO3BOa~ItOT cpa3y onpe- 
~IeYlHTB, O)IHy HYlH ~IBe 3-Mepsble onepat~nn aHTttCrlM- 
MeTpHH )IaeT B npoer~irIrt Ta n~H I4nas 4-MepHas on- 
epauas  O6blqHO~ CrIMMeTptlH. HarIOMHHM, qTO B 
CI4_MBOYlHKe FepMaHa I/O3HI.tH~I Kam)lOl-O qaCTHOFO 
nops~tra COOTSeTCTSyeT a a 6 o  O)IHOMy ae3asncnMoMy 
roop)IrLr~aTHOMy uanpaByieHH~O, a a 6 o  Hec~oab~HM 
3I(BHBa~eHTHIalM OCt/M, CBfl3aHHblM M e ~ y  CO60~ 
CnMMeTpaneC~HMrt onepattHaMm B nepBoM cay~ae 
qacTm,~ nops)Ior  MO~reT 6~1T~, an6o  1, ~TO COO- 
TBeTCTSyeT +1  B qbopMe (1), an6o  2, aTOC OOTSe- 
TcTByeT --1 B qbopMe (1); Bo sTOpOM cayqae aaCTHSIe 
n o p s ~ r a  pasH~t 3, 4 wan 6. 5ho6oe HaHpas~eaHe, 
rOTOpOMy oTBeaaeT ~aCTH~Ifi nops)~O~ 1 n a a  2, 
Mo:~eT 6blTb BB,qTO B KaqecTBe rIpOeKTHOfi OCH*, H 
ecaH s CUMBOae FepMaHa qbHrypHpymT O~HoSpeMeHHO 
o6a 3TH qaCTHb~e rIopa)lKH, TO B npoe~uHH noayaaeM 
~IBe 3-Meprlble onepaunn,  O6SIaHym rI nepHo-6enyro 
(ram cepym). EcJm me CI4MBOJI FepMaHa co~lep~nT 
O)IHO~IMer~sb~e qaCTSb~e rIOpS)IKH: J~H60 TOJ~bKO l, 
Jm60 TOJ~O 2, -- TO S npoeKtmH noJ~yqaeM O~lHy 
TpexMepHy~o onepattnro, O6~,~qny~o ~l~S 1 H qepso- 
6eJIym nsm cepym ~IJIa 2. 

Ta6nnua  1. Hpoenmupoeanue na R3 4-~vtepnbtx mo,~e- 
Unb~X onepaztu~ c u ~ e m p u u  

I (1111)-+ 1 
I'  (2222) - ,  I '  
E (2121)-, 2; 2' 
F (421) - , ~ ; 4 '  
K (311) -+ 3 
K' (622) -* ~' 
N (621) --~3; 6' 

N' (321) --. ~; 3' 
R (411) - , 4  
R' (422) -+~' 
T (1121)-, 1'; ~ 
T' (2221) --~ 1; 2' 
Z (611) - ,  6 
Z'  (322) --~ ~' 

OqeBH~HO, qTO ~J/~I BbIBO3Ia my6HHKOBCKHX rpynn  
aHTI, ICHMMeTpmI MeTO)IOM IIpOeKTrlpOBaHnS )IOJDKHbI 
6~,~Tr~ B3STbI 4-Meps~,Ie qbe~IopoBcrne rpynnbi, ripnsa- 
)xJ~ez<amHe yra3auHbIU Sbmae 88 rJiaccaM. 1-1pn 3TOM 
OT6Op IIpocTpaHCTBeHHblX rpynn,  npnro)lHb~X )I~S 
n p o e K T n p O B a H H ~ ,  MO)I(HO OCylIIeCTBtlTb ~IByM~I p a 3 ~ t -  

q_tt~IMtt cnoco6aMrt, OnUCaHm,~Mn S pa6ove (13e~os, 
1959) )Ins TpexMepnoro cayaa~, l-IpnMeHnveaSHO 
4-MepHOMy npocTpaHCTSy S OnHOM cay~ae OV6Hpa- 
mTCa rpynm, i, a~IeMeUTbI KOTOpb~x coxpaHS~OT nHsa- 
pHaHTUOfi neroTopym ~ByXCTOpOHHmrO rnnepnno-  
rOCT~,. HpoeKTnOfi OC~,m X4 3)Iecb 6y~eT HOpMan~. X 
~Iannofi rnnepnaoc~ocTn X~X2X3, a npoTrmOnOaO~r- 
n~e  3Harr~ (pa3m,~e IIBeTa) COOTSeTCTBymT ~ISyM CTO- 
poHaM OCO60~ runepnaocrocTa.  ~¢IeMeHT~,~ 4-Mepnb~x 
npocTpaUcTSeHH~IX rpynn CHMMeTpttH ~syXCTOpOHHHX 
rHnepriyioc~ocTe~ He MOFyT O6J~a~laTb CKO.rlb)KeHI4flMtt 
(n c)lsrIraMrI, KyHIIeBUq rI ]3eaos, 1971) s) loas ocoSoro 
laaI~paBJ~esH~ X4, a no~rpynn~t TpaHcJ~SIIH~ ~aHHb~X 

* ~opMa~bRO qaCTnb~e nop~lKr~ 1 rt 2 MOryT COOTBe- 
TCTBOaaTb r~ C~a3aHHbIM ~oopjIrtHaxaM (CM. HanpnMep Ta6n .  
4), tto B 3TOM cayqae  OHa ne MoFyT onpe~Ie~nTb c o6o~  Hanpa- 
aneHae npoe~Tnpoaam4n.  

rpynn  (pemeTKH BpaBa) He M0ryT rlMeTb t¢OMrlOHeHTOB 
ttesTpHpyronI~tX TpaHcJIstlH~ B~IOJIb yKa3asnoro sa-  
HpaBJIeHHS. r io  cytttecTBy, 3~leCb MbI HMeeM TOY ~Ke 
npnmmn npoeKTHpOBaHHn, qTO H ~Jm ToqeqHbIX 
rpynn,  nonyqan B R3 TOJlbXO )lByxtlBeTHbIe rpynnbL 

B pa6oTe (Be~os, 1959) npejlao~eH )lpyrofi npH- 
H~HFI OT6Opa npoeKTHpyembIX npocTpaSCYBensbIX 
rpynri, corytacHo KOTOpOMy HpOTtlBOHO.rlO)I(Hble IIBeTa 
(pa3HbIe 3HaKn) accotmrtpyrorcs c )IByMS ypOBHSMH 
3KBrtSa,aeHTHbIX (T. e. Csa3aHHblX onepaLtrtaMn CrtM- 
MeTpHn) no3nuHfi B)IOab HanpasneHns npoeKrHpo- 
Banns, HanpnMep 3HaKOM ( + )  MO~eT xapaKTepH30- 
saTr, Ca pa3HOCTb Me~r, Jly ypOBH~Mrt, pashas  Hydro, a 
3HaKOM (--)  -- nociosrIae rpaTqafimefi TpaHc~SImH 
B~tO~b npoe~THOfi OCn X4. ~3aeMeHTSI npocTpaHcTseH- 
HbIX rpynn,  OT6npae~bix no STOpOMy cnoco6y, MOryT 
ttMeTb CKOJIb)KeHtt~I tt C)lBrlrH B)lOJIb X4, HO He MOryT 
tlMeTb KOMnOHeHTOB 3epKaJIsSOrO oTpa~eHna B rnnep- 
nJIOCKOCTH X~X2X3, nepnes~nryJ~npsofi OCO6OMy 
sanpaBo~enmo )(4. ~TOT STOpO~ cnoc06 ~taeT SO3MOm- 
SOOTh IIOflyqtlTb B R3 He TO~bKO my6HrIKOBCKne, HO 

soo6me p-ttBeTHb~e rpynns~ (Janssen, 1969) ( p =  
1,2,3,4,6), eczH B qHCaO npoe~TnpyeMs~X rpynn  
BI(.rltOqHTb FpyHHbI, rtMero~r~e CI~O.rlb3~ttl_ttte 3.rleMeHTbI 
CnMMeTpnn ssictunx nops)lroB: F, K, N, N' ,  R, Z, - n 
(nan) o6~a~larotune COOTSeTCTSyrOmHM o6pa3oM t~en- 
TpnpOBaHm, IMn pemeTraMrt 13paB3. 

B )IaHHOfi pa6oTe B~BO~ my6Hn~OBCraX rpynn  
HH3mHX CnCTeM ocymecTBneH no nepsoMy, 'oTpa~ra- 
TeaSHOMy' CnOCO6y. 143 HaLuero cnncra  1237 npocTpaH- 
CTBeHHblX 4-MepHb~X rpynn  CrIMMeTpHH HH3ILIttX 

CHCTeM 6~Ian OTO6paH~ 392 rpyrm~i, 3aeMeHT~ rOTO- 
p~IX coxpaHmOT HHBapHaHTHOfi ranepn~oc~ocT~, 
X~X2X3. F l o c ~ o ~ r y  3~eMeHT~ CrIMMeTp~U ~ y~a3aH- 
H~X rpynnax MoryT 6~TS no-pa3HOMy opneuTHpO- 
sam,~ OTHOCnTeabHO a ~ e a e H H o r o  oco6oro  Hanpa- 
BneHnS X4, no~yqaeM 660 rnnepnpocTpaHcTseHm, LX 
rpynn CHMMeTpHn asyxcTopOHHUX rnnepn~ocrocTefi  
B R4. I-Ipn npoerTnposaHnH s~Io~s ocn X4 3TH rpynns~ 
~aroT 660 TpexMepHs~X rpynn  aHTnCaMMeTprm Tpn- 
r~HUUOfi, MOHOr~nHHOfi n pOM6rtqecKo~ CnHrOHnfi. 
FloaHoe cosna~leHne pe3y~STaTOB sbmo~la c n3BeCT- 
HS~M CnHC~OM tUy6HHKOBC~HX rpynn (3aMop3aes, 1957; 
13e~ios, HepoHosa n CMHpHosa, 1955, 1957)MO~eT 
CYly~HTb orIpe~IeneHHb~M ~pnTepHeM HpaBttJ/bHOCTH 
BbmO~Ia 4-MepHbIX rlpOCTpaHCTBeHHblX rpyrm CttMMe- 
TpHH HH31MI4X CHCTeM (KyHIieSrlq tt ]3eJ~os, 1971). 
BBH;ly rpOMO3~tKOCTn Ta6artII 3~lecb He npnBo;lnTCS 
crmcoK npoe~THpyeM~X 4-Mepm,ix rpynn ;  eroMomno 
Sa~TrI B pa6oTe (KyulieSHq, 1969). 

FpynnbI CHMMeTpHtt 4-Mepaoro HpocTpaHCTBa, 
pacna~larotueroca Ha R3 n R1 npHBJ~e~a~OT oco6oe 
BHtlMaHI4e 6~aroztaps Hx H3omopqbtl3My )IrtcKpeTHbIM 
no~rpynnaM HeO)IHOpO)IHbIX rpynn  flopeHtta. Ta~He 
rpynnbi MO~HO paccMaTpnBaTb ra~ rpynnb~ npo- 
cTpaHCTBa-BpeMeHH C ~IHcRpeTHbIMrt I~pocTpaHCTBeH- 
HbIMtt H BpeMeHHOH Koop)IHHaTaMH.  HeroTop~e  aBTO- 

pbI na3bIBaIOT HX O606LIIeHHblMH MaFHHTHblMH rpyn 
naMH (GM), (Janssen, 1969). 
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2. Fpynm,~ CHMMeTpllll 4-MepHblX 60p~mpH~X 
opHaMeHTOB H HX HpoeKHHH na R3 

F p y n n s i  CrlMMeTparI 4-MepHblX 6op~ImpHSlX opHa- 
MeHTOB, HHH ~eCKOHeqHBIX )IBy-)IByCTOpOHHHX HeHT, 
o6Haztarox :gJIeMeHTaMrI CItMMeTplIrt He Bb~me BTOpOFO 
n o p ~ I r a  n rIOTOMy MOryT 6bITb Her~o BbIBe~IeHbI rI3 
na tue ro  cnncga  1237 npocTpaHCTBeHHS:X rpyrm CHM- 
MeTpm~ nn3tUnX C~CTeM. Bb~6epeM Koop~IaHaTayro 
CnCTeMy 8 pacCMaTpnBaeMOM 4-MepHou npocTpaH- 
CTBe TagHM o6pa3oM, HTO6b~ OCb X~ coBna~aaa  c 
e)~nHCTBeHBb~M TpaacnatmoHnb:M naapasne~neM - 
OCbm HeHTb! -- n onpe~enuna  BMeCTe c OCblO )(2, e~ 
nepneHanKyn~pno~,  nHOC~OCTS HeHT~t. T o r a a  Koop- 
~irlnaTa X3, ileprleH)IrtKynapHa~I n:IOCKOCTn HeaTbI 
)(1)(2, 6y)~eT qbm<crlpOBaTl~ ~IBe CTOpOHbI YienTl~I B rmI- 
eprIHOCKOCTH J(~X2X3, a ocs  X4 BblIIOHH~IeT Ty ~e  pOHb 
OTHOCHTeHbHO rrtnepnnoc~ocTrI X:X2X4. TonoHoruHe- 
CKytO :gKBrtBaYleHTHOCTb oce~ KOOp~IrlHaT )IH~t ~IaHHoro 
CHyqaa MO~KHO Bslpa3nTS cHe)~yIomrlMa COOTHOIIIe- 
HH~MH : 

X'l ];~ X2 :/: X'3 = X4 (2) 

H3 o 6 m e r o  HrlCHa 4-MepHblX rpynrI  CrlMMeTpHrI 
HI, I3mI~X CHCTeM OT6HpaeM TaKHe rpyrlnbI, KOTOpbIe 
xapaKTeprt3ymTca: (1) IIpHMHTHBHOH pemeTKo~ BpaB:9 
I~I (2) 3HeMeHTaMrI CtlMMeTpItrI, tlMelOUIttMtI CKOHb~e- 
Flila H C)IBrtrH TOHbKO B)IOHb TpaHcH~tl/HOHHO~ OCrI X1, 
HHtt He HUelOmrlMrI rtX BOBCe. I/Icxo)I~ H3 COOTHOILIeHrI~ 
TOIIOHOFrlqeCKO~ 3aBItCrtMOCTIt Koop~IrlHaTHblX oce~ 
(2), IioJIyqaeM 119 He:gKBHBaHeHTHbIX rpynrI CrlM- 
MeTpHII 4-MepHblX 6opJImpm, IX opHaMeHTOB. 

B Ta6Jmue 2 npHBe;Iert CnHCOK BblBe~eHHbIX r p y n n  
B ClIMBOYlaX FepMana,  n p a  :9TOM TaK ~ e  KaK n B 
da6oze  (KynLteSnH H BeHOB, 1971) rpynm,:  co~Iep~aT 
TOm, tO CnMBOJU, I renepaTopoB, To-ecTb ae3aBrICn- 
Mt,tX aHeMeHTOB rpynnbI.  B Ta6Hmte 2 Sl, macanbI  
TaK~e noHyHeHabie n3 ~IaHH~tx r p y n n  nyTeM npoeKTa- 
poBaI-Iaa B~OYib OCrI X4 rpyrtrtbi aHTrlCHMMeTplari 
3-MepHblX 6op)IropnbIX opuaMeHTOB B nHTepHalIrlO- 
HaHbHO~ CttMBOHHKe (BeHOB, KyHIIeBrlH rI HeponoBa,  
1962). HpoeKTapoaanrle  npoBo~nmlCS 'oTpaX<aTeHb- 
HBIM' CrlOCO6OM, anaHorrtHno ilpejil~i~yuleMy CHyqa~o 
(§1). Bbt6npa~ B KaqeCTBe npoeKTupytomero nanpa-  
B.IIeHH~I OCb )(4, MBI TeM CaMblM npeBpaulaeM 3TO 
HanpaBHeHrle B oco6oe,  TOIIOHOrrlHeCKH y ~ e  He TO~K- 
/IeCTBeHHoe OcH X 3. B pe3yH~,TaTe 3HaHHTeHBHafl 
aaCTb rpynrI  CnMMeTpmI 4-MepHbIX 6opJImpoB n3 
qncHa 119 BxozmT B CnUCOK npoeKTnpyeMb~X r p y n n  
B ~IByX ueaKBnsaHenTm, IX ycTanoB~ax. 1-IoHyqaeM 179 
npoerTapyeMb~X B)IOHb OCa X4 r p y n n  CnM~eTprm 4- 
Mepm, ix 6op~IrOpOB, ~OTOpbIe ~IamT S R3 179 m y 6 a n -  
roBcrnx  r p y n n  aaTI4CnMMeTprtrI 3-MepHbtX )IByCTO- 
pOHUrtX 6eC~OHeHHb~X ~eHT: 31 OaHOUSeTnym, 31 
cepyro n 117 nepHo-6enb~X,- HTO CoBna~laeT c pe3yHb- 
TaTOM, IIOHyHeHHblM panee  ~pyrrlMVI MeTO~aMIt 
(13eHOB, KyHtteaHn r~ HepoHOBa, 1962; 13enoB n Hepo-  
HOaa, 1961). 

Ta6Jmtta  2. Fpynnbt cuMMempuu 4-Mepnbtx 6opOtopnbtx 
opnaMenmoa u ux npoe~cguu na R3 

1. p l l l l  p l  
2. p2222 pT' 
3. p2111 pml 1 
4. p1211 plml 
5. p1121 pllm 

p l l l 2  p l '  
6. pl1211 plal 
7. p11121 plla 

p11112 p ' l  
8. p1222 p2'l  1 
9. p2122 p12'1 
10. p2212 p112' 

p2221 p-i" 
11. plx222 p2':l  1 
12. p2111; 1222 p2'/mll 
13. p1211; 2122 pl2'/ml 
14. pl121; 2212 pll2"/m 

pl 112; 2221 pTl' 
15. plx211; 2122 pl2'/al 
16. p11121; 2212 p112'/a 

pl : l12;  2221 p ' l  
17. p2111; 11222 p2"l/mll 
18. p2211 pl12 
19. p2121 p121 

p2112 pm' 11 
20. p1221 p211 

p1212 plm'l 
21. p1122 pllm' 
22. p11221 p2111 

p11212 pla'l 
23. p11122 plla' 
24. p1122; 2211 pll2/m" 
25. p1212; 2121 pl2/m'l 

p1221 ; 2112 p2/m'll 
26. p11122; 2211 pll2/a' 
27. p11212; 2121 pl2/a'l 

p11221 ; 2112 p2:/m'll 
28. p2111; 1211 prom2 
29. p2111; 1121 pm2m 

p2111; 1112 p m l l l '  
30. p1211; 1121 p2mm 

p1211; 1112 p l m l l '  
31. pl121; 1112 p l l m l '  
32. p2111; 11211 pma2 
33. p2111; 11121 pm2a 

p2111; 11112 p'mll 
34. pl1211; 1121 p21am 

p11211 ; 1112 p l a l l '  
35. pll121; 1112 p l l a l '  

p la l l2 ;  1121 p'llm 
36. p1211; 11121 p21ma 

p1211; 11112 p'lml 
37. p11211; 11121 p2aa 

p11211; 11112 p'lal 
38. pl:121; 11112 p'lla 
39. p2211 ; 1222 p2'2'2 
40. p2121 ; 1222 p2'22' 

p2112; 1222 p2'/m'l 1 
41. p1221; 2122 p22'2' 

pl212; 2122 pl2'/m'l 
42. p1122; 2212 pll2"/m" 
43. p2211; 11222 p2'12'2 
44. p2121; 11222 p2'122' 

p2112; 11222 p2':/m'l 1 
45. p11221; 2122 p212'2' 

p11221 ; 2122 pl2'/a'l 
46. p11122; 2212 pll2'/a' 
47. p2111; 1211; 1122 pmmm" 
48. p2111; 1121; 1212 pmm'm 

p2111; 1112; 1212 p2/mlll' 
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Ta6nnua  2 (npoc)o.~s~tcenue) 
49. p1211; 1121; 2112 

p1211; 1112; 2121 
50. p1121; 1112;221l 
51. p2111; 1~211; 1122 
52. p2111; 1211; 1~122 
53. p2111; 1~211; 1~122 
54. p2111; 1~121; 1212 

p2111; 1~112; 1221 
55. p2111; 1121; 1~212 

p2111; 1112; 1~221 
56. p2111; 1~121; 1~212 

p2111; lal12; 1~221 
57. pll211; 1121; 2112 

ply211; 1112; 2121 
58. p1211; 1~121;2112 

p1211; 1~112;2121 
59. ply211; 1~121; 2112 

ply211; 1~112;2121 
60. pl~121; 1112; 2211 

pl~l12; 1121; 221! 
61. pl~121; 1~112: 221l 
62. p2111; 1122 
63. p2111; 1212 

p2111; 1221 
64. p1211; 2121 

p1211 ; 2112 
65. p1211; 1122 
66. p1121; 22ll 

pll12; 2211 
67. pl121; 2112 

pll12; 2121 
68. p1121; 1212 

pll12; 1221 
69. p2111; 1~122 
70. p2111; i~212 

p2111; 1~221 
71. p11211;2121 

plt211 ; 2112 
72. ply211; 1122 
73. p1211; 1~122 
74. ply211; 1~122 
75. pl~121; 22ll 

p11112;2211 
76. p1~121; 2112 

pl~l12; 2121 
77. pl~121; 1212 

pl~l12:1221 
78. pl121; 11212 

pll12; 1~221 
79. pl~121; 1~212 

pl~l12; 1~221 
80. p1221; 2121 

p1212; 2112 
81. p1122; 1212 
82. p1122; 2112 
83. p11221; 2121 

p1~212; 2112 
84. p1~122; 1212 

p1~122; 1221 
85. p1122; 1~212 
86. p11122; 2112 
87. p2111; 1211; 1121 

p2111; 1211; 1112 
88. p1211; 1121; 1112 
89. p2111; 1121; 1112 
90. p2111; 1~211; 1121 

p2111; 1~211; 1112 
91. p2111; 1211; 1~121 

p2111; 1211; 1~112 
92. p2111; 1~211; 1~121 

p2111; 1~211; 1~112 
93. ply211; 1~121; 1~112 

pm" mm 
pl2/mll" 
p112/ml' 
pmam' 
pmma' 
pmaa' 
pmm" a 
p'2/ml 1 
pma'm 
p2~/ml 11 
pma' a 
p'2~/ml 1 
pro'am 
pl2/all '  
pm' ma 
p'12/ml 
pm' aa 
p'12/al 
pll2/al '  
p'll2/m 
p'll2/a 
pm2' m' 
pmm'2' 
p2/ml 1 
p 12ira 1 
pro'm2' 
p2' mm' 
pll2/m 
pl121' 
pm'2'm 
p1211' 
p2"m' m 
p2111' 
pm2' a' 
pma'2" 
p21/ml 1 
pl2/al 
pro'a2' 
p2"lam" 
p2'l ma" 
p2" aa" 
pll2/a 
p'l12 
pm'2'a 
p'121 
p2'l m' a 
p'21 ! 
p2"la" m 
p2~lll '  
p2' a'a 
p'2~ 11 
p222 
pm' m'2 
p2m" m' 
pm'2m' 
p2~22 
pm'a'2 
p21m'a 
p2a" a' 
p21a'm" 
pm'2a" 
pmmm 
prom2 l" 
p2mml" 
pm2ml' 
pmarn 
pma2l" 
pmma 
p" mm2 
pmaa 
p" rna2 
p'2aa 

Ta6~mta 2 (o~omtanue) 
94. ply211; 1121; 1112 p21aml' 
95. p1211; 1~121; 1112 p2~mal" 

p1211; 1121, 11112 p'2mm 
96. pl~211; 1~121; 1112 p2aal" 

ply211; 1121; 11112 p'2~am 
97. p1211; 1~121; 1~112 p'2~ma 
98. p2111; 1~121; 1112 pm2al" 

p2111; 1121; 1~112 p'm2m 
99. p2111; 1~121; 1~112 p'm2a 
100. pll12; 1221; 212l p2221' 

pl121; 1212; 2112 pm'm'm 
101. p1211; 1122; 2112 pm'mm" 
102. p2111; 1122; 1212 pmm'm' 
103. pl]l12; 1221; 2121 p'222 

p1~121; 1212; 2112 pm'm'a 
104. pll12; 11221;2121 p21221' 

pl121; 1~212; 2112 pm'a'm 
105. pl~l12; 1~221;2121 p'2~22 

pl~121 ; 1~212; 2112 pm'a'a 
106. ply211; 1122; 2112 pm'arn" 
107. p1211; 1~122;2112 pm'ma" 
108. ply211; 1~122;2112 pm'aa" 
109. p2111; 1~122; 1212 pmm'a' 

p2111; 1~122; 1221 pma'a" 
110. p2111; 1122; 1~212 pma'm" 
111. p1122; 1212; 2112 pm'm'm' 
112. p1~122; 1212; 2112 pm'm'a" 

p1~122; 1221 ; 2121 pm'a'a" 
113. pi122; 11212; 2112 pm'a'm' 
114. p2111; 1211; 1121; 1112 pmmml' 
115. p2111; 1~211; 1121; 1112 pmaml" 
116. p2111; 1211; 1~121; 1112 pmmal" 

p2111; 1211; 1121:1~112 p'mmm 
117. p2111; 1~211; 1~121; 1112 pmaal' 

p2111; 1~211; 1121; 1~112 p'mam 
118. p2111; 1211; 1~121; 1~112 p'mma 
119. p2111; 1~211; 1~121; 1~112 p'maa 

3. Fpynnu CHMMeTpHH 4-MepHhIX HanpaB~eHHhlX 
cTep~Hefi H HX npoeKlltln Ha R3 

3aMop3aeB n FaJI~pcKH~ (Faaapcr~fi  ri 3aMop3aeB, 
1963; 3aMop3aeB, 1968) 3aMeTrmrt, qxo 3-MepHbIe 
rpynnbt CHMMeTpm4 no~o6rm orIpe~eneHnoro Bn~a 
(TaK rla3btBaeMble KOHrlqecKiIe H qaCTb HelgOHI4qecKIIX) 
tt3OMopqbHbI 4-MepnbIM rpynrIaM CHMMeXpnn aanpa-  
B.rleHHblX cTep~Hefi, rt yCTaHOBrtJ~t rtOJIHOe qrtcJ/O 
3XrtX noc~eztHrtx, paBnoe 108. KaK ora3a~ocb, rprI- 
cxannorpaqbnqecrrte rpynnbI 4-MepnbIx nanpaB~en- 
HblX (rt HeHanpaBneHHbtX) crep~rHe~ ~e r ro  BbmO)I~- 
TCa rt3 ynoMm~yrbIX BbIIiIe 88 TOqeqHbIX rpyrm. 
H p e ~ a e  Bcero cpe~n HaX cneayeT OTO6paT~, r~accbI, 
onpe~eJI~eMbie qbopMofi (1) §1 c no~Io~rHre~bHOfi 
e~rmrmefi. TaKHx rpyrm 6yztex 32; B npoeKunn BZtO~b 
OCn X40Ha ~aror  ~JmccnqecKne TpexMeprib~e rJ~aCcbL 
Ocb X 4 ecxecxaeHrtO 8bI6paxb B KaqecxBe OCn cTepmHg, 
T. e. e~nHCTBennoro TpaHcJ~HOHHOrO HanpaBJ~ermn 
B )~aHHOM 4-MepHOM q~pttcTa.rIj/HqeCKOM npocTpa- 
HCTBe'. OqeBn~HO, qTO pemexra  BpaB3 ~ a  Bcex 
cTep~HeBbIX rpynn 6y)IeT O~HOMepI-IO~ rIprlMI, ITrtanofi 
pemeT~ofi p. 3TO cytueCTBeHno ynpomaex npotteaypy 
BbmO~a Ha3aaUHbtX rpynn,  r o r o p a n  caoz~nxca r nO- 
c~e~oBaTesIbnOfi 3aMeHe TOqeqHb~X 3~eMeHTOB Cr~M- 
MeTpI, In B Kam~tOM H3 y~a3aHHblX Bbtme 32 KJ/aCCOB Ha 
COOTBeTCTBytOLIIHe 3JIeMeHTbI CO CI(OJIb~eHIIeM Bj1OJIb 
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OCH )it4 . ~.rl~l BOCbMH r~aCCOB HH3IZIHX CI/IHFOHHH (1--8 
B Ta6~.  3) warne rpynnbi  y>Ke 6~I~n Bbme)~eHbI (KyH- 
~eanq n Be~oa,  1971), OCTaBa~OC~ TOrerO nX B~mn- 
CaTb. ~]~JI~l OCTaYlbHblX 24 KzaCCOB abmo;~ npo~e~aH 
3aHOBO. B T a 6 ~ n u e  3 BblHHCaHbI noJIyqeHHble Ta~HM 
nyveM 126 r p y n n  CUMMeVpna 4-MepHbIX HanpaaneH- 
HbIX cTep>KHe~, qTO corJ~acyeTcfl c pe3yJ~bTaTaM~ 
3aMop3aeaa n F a ~ p c r o r o ,  ecm~ ue CqUTaT~ 18 aU- 
aHVnOMOpqbH~X ttBeTH~X rpynn ,  nOMeqenHb~X B Ta6n .  
3 3Be3)~OHKO~, rovopbte  6 b ~ n  nc~nroqeH~i n3 pac- 
CMOTpeHu~ Ha3BaHHbIMn aBvopaMm Ka~ n B Ta6n.  2, 
repMaHOBCKH~ CHMBOJ~ r p y n n ~  Br~IoqaeT ~Hmb ' reae-  
pavopb~'. 

T a 6 n n u a  3. l"pynnbz cumMempuu 4-.vtepnbtx 
nanpae.aenm, tx cmepstcne~ u ux npoemluu na R3 

KnaccI, i 

N B R4 BR3 
Fill 
1. I C1 
2. T+I  Cs 

3. T ' + I  Ci 

4. E+I  C2 

5. 2 T + E + I  C2v 

6. T + E + T ' + I  C2h 11. 
12. 
13. 
14. 

7. 3E+I D2 15. 
16. 

8. 3 T + 3 E +  T' D2~ 17. 
+ I  18. 

19. 
20. 

9. 2 R + E + I  C4 21. 
22. 
23. 
24. 

10. 2R+4T+E C4v 25. 
+ I  26. 

27. 
11. 2R+5E+I  D4 28. 

29. 
30. 

12. 2F+E+I  $4 

13. 2 R + 2 F + T  C4h 
+ E + T ' + I  

41. 
42. 

14. 2F+3E+2T Dza 43. 
+ I 44. 

45. 
46. 

15. 2F+2R+5E D4n 47. 
+ 5 T +  T ' + I  48. 

4-Mepm,~e rpynnb~ I-[pOeKT- 
H hie 
rpynnbi 

1. p l l l l  1 
2. p2111 m 
3. p21ll1 m' 
4. p2221 i- 
5. p22211 T' 
6. p2211 2 
7. p22111 2' 
8. p2111 ; 1211 mm2 
9. p21111; 1211 re'm2' 

10. p21111; 12111 m'm'2 
p2111; 1221 2/m 
p21111; 1221 21m" 
p2111 ; 12211 2']m 
p21111 ; 1221 ~ 2'/m" 
p1221 ; 2121 222 
p12211 ; 2121 2'22' 
p2111; 1211; 1121 mmm 
p21111; 1211; 1121 m'mm 
p21111; 12111; 1121 m'm'm 
p21111; 12111; 11211 m'm'm' 
p411 4 
p4111 4~4) 
p4112 4' 
p4113 4 (4)* 
p411 ; 2111 4mm 
p411 ; 211 ls 4m'm' 
p4112; 2111 4'mm" 
p411; 2121 422 
p411 ; 2121~ 42'2' 
p4112; 2121 4'22' 

31. p421 
32. p4211 ~(4) 
33. p4212 ~' 
34. p4213 2[(4)* 
35. p411 ; 1121 4]m 
36. p411; 1121~ 4/m' 
37. p411t; 112l 4(4):m 
38. p4111; 11211 4(4):m ' 
39. p4112; 1121 4'/m 
40. p4112; 11211 4'/m" 

p4113; 1121 4 (4) :m* 
p4113; 11211 4 (4) :m'* 
p421 ; 2111 42m 
p421 ; 21111 ~2'm' 
p4212; 2111 4'2'm 
p4212; 21111 4'2m' 
p411; 1121; 2 1 1 1  4/mmm 
p411; 11211; 2 1 1 1  4/m'mm 

Ta6nH~a 3 

16. 2K+ I C3 

17. 2 Z + 2 K + E  C6 
+1 

18. 2K+ 3T+ I C3v 

19. 2 Z + 2 K + 6 T  C6v 
+ E + I  

20. 2 K + 3 E + I  D3 

21. 2Z+2K+7E D6 
+ I  

22. 2 N + 2 K + T '  C3i 
+ I  

23. 2 N ' + 2 K + T  C3n 
+ I  

24. 2N+ 2 N ' +  2Z C6/~ 
+ 2K+ T+ E 
+ T ' + I  

25. 2 N ' + 2 K  D3h 
+ 4 T + 3 E + l  

26. 2N+ 2K+ 3T D3a 
+ 3 E +  T ' + I  

27. 2N+ 2 N ' +  2Z D6h 
+ 2 K + 7 T  
+ 7 E +  T ' + I  

28. 8 K + 3 E + I  T 

29. 8 K + 6 R + 9 E  O 
+ I  

30. 8 N + 8 K + 3 E  Tn 
3T+ T" + I 

(npo3oa~enue)  

49. p411; 1121; 21111 4/mm'm" 
50. p411; 11211; 21111 4]m'm'm' 
51. p4112; 1121; 2 1 1 1  4'/mmm' 
52. p4112; 11211; 2 1 1 1  4'/m'mm' 
53. p311 3 
54. p3111 3 (3) 
55. p3112 3(3)* 
56. p611 6 
57. p6111 6 (6) 
58. p6112 6 (3) 
59. p6113 6' 
60. p6114 6 (3)* 
61. p6115 6 (6)* 
62. p311; 2111 3m 
63. p311; 21111 3m' 
64. p611 ; 2111 6mm 
65. p611 ; 2111 ~ 6m'm' 
66. p6113; 2111 6'mm" 
67. p311; 2121 32 
68. p311 ; 21211 32' 
69. p611 ; 2121 622 
70. p611 ; 21211 62'2' 
71. p6113; 2121 6'22' 
72. p621 3 (~) 
73. p6211 5(6) 
74. p6212 ~(3) 
75. p6213 ]~' (~') 
76. p6214 i~(3)* 
77. p6215 5(6)0 * 
78. p321 i5 (6) 
79. p3211 3(3) :m' 
80. p3212 3(3) "m 
81. p3213 ~ '(6') 
82. p3214 3(3) :m* 
83. p3215 3(3) :m'* 
84. p611; 1121 6/m 
85. p611; 11211 6/m' 
86. p611; 11211 6(6):m 
87. p6111; 11211 6(6):m ' 
88. p6112; 1121 6(3):m 
89. p611z; 11211 6(3):m ' 
90. p6113; 1121 6"/m 
91. p6113; 11211 6"/m" 
92. p6114; 1121 6(3):m* 
93. p6114; 11211 6(3) :m'* 
94. p6115; 1121 6(6):m * 
95. p6115; 11211 6(6) :m'* 
96. p321 ; 2111 ~m2 
97. p321 ; 21111 ~m'2' 
98. p3213; 2111 ~;'m2' 
99. p3213; 21111 ~'m'2 

100. p621 ; 2111 3m 
101. p621; 21111 3m' 
102. p6213; 2111 3'm 
103. p6213; 21111 3'm' 
104. p611; 2111; 1121 6/mmm 
105. p611; 21111; 1 1 2 1  6[mm'm" 
106. p611; 2111; 11211 6/m'mm 
107. p611; 21111; 11211 6/m'm'm" 
108. p6113; 2111; 1 1 2 1  6"mmm" 
109. p6113; 2111; 11211 6"/m'mm" 
110. p31; 2121 23 
111. p311; 2121 3(3)/2 
112. p312; 2121 3(3)/2* 
113. p31; 2121; 1221 432 
114. p31; 2121; 12211 4'32' 
115. p31; 2121; 2111 m3 
116. p31; 2121; 21111 m'3 
117. p311; 2121; 2111 ~(3)/2 
118. p311; 2121; 21111 ~(6)/2 
119. p312; 2121; 2111 ~(3)/2" 
120. p312; 2121; 21111 ~(6)/2" 
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Ta6Jimta 3 (o~¢ow~anue) 

31. 6F+8K+3E Ta 121. p31;2121; 1211 2~3m 
+ 6 T + I  122. p31; 2121; 12111 "4'3m' 

32. 6F+8N+8K On 123. p31;2121; 1221; 2111 m3m 
+6R+9E  124. p31; 2121; 1221; 21111 m'3m" 
+ 9 T + T ' + I  125. p31; 2121; 12211;2111 m'3m 

126. p31; 2121; 12211; 2111~m3m' 

B 4-MepHbIX rnaccax cpe~Hr~x CrtHrOHI4~ HeKOTOpOe 
3aTpyAHeHrIe Bo3nrtKaeT npn 3anricrt 3:teMeHTOB CrtM- 
MeTprlrt BTOpOFO nopna ra  Bandy CrlMMeTpI4qecKofi 
can3auHocTn Me>~Ay c06ofi Heroxop~tx roop~rtHaT- 
HblX oce~ rI BO3pOCIiIe~ poJIrI ~I4aroHaJIbHblX H 
'anoqbeMam, H~,~x' (B 're~caroHaJi~H~X' CnCTeMax) Ha- 
rtpaB.rteH~I~. O~HHaROBBIe rio BHemHeMy Brt/Iy 3J~e- 
Mel:lTbI crrMMeTpvlri (B CrtMBO.rIax FepMaua) B pa3sbIX 
rnaccax MOFyTHMeTb pa3ylrlqsyto MaTpI4qHylO qbopMy. 
~JI~ ~ICHOCTtt MbI Bbmrica.ari a Ta6~Iriuy 4 ace Bc-rpe- 

~ammnec~ B Ta6Jmtte 3 reHepaxopbi 4-Mepm,ix cxepm- 
HeBblX rpynn B Maxpr~nHOM Bnzte (6e3 yueTa cKom,- 
~enn~). 

Hpoe~THpya BblBe~eHHbIe rpynnbI Ha R3 B~OJIb 
oc~i cxep~u~ no cnoco6y Be~oaa (Be~oa I4 Tapxoaa,  
1956), noJlyqaeM IIOJIHSI~ ua6op 3-MepHsIX p-UBe- 
THblX ToqeqHblX rpynn ( p =  1,2,3,4,6) B cocxaBe 32 
O~HOI2BeTHSIX, 58 )IByXI2BeTHblX I4 18 aHaHXHOMOp- 
qbH~X nap xpex-, ~eT~lpex- n mecxmmeTn~ix rpynn  
CnMMexpnn. Ec~n ~e  npoe~TnpoBax~ 126 rpynn  B 
HanpaB~eHnrI, HopMaYlbHOM OCH cTep~n~, rICnO~qb3ya 
onncaHHS~fi a §1 'oTpa>raxeasHb~fi' cnoco6 npoe~Tn- 
poaaHn~ (npn aTOM a~inanarox 17 rpynn NoNo 110-126 
B Ta6a.  3), xo nonyq~M 175 xpexMepHbIX cTep>~HeBS~X 
rpynn aHT/4CI4MMeTpttI4, BXOA~ILUrtX B O6I_12I~ CrlI4COK 
394 rpynn HepOHOBO~ -- BenoBa (BenoB ~ HepoHoBa, 
1961). OcxanbHs~e 219 rpynn n3 axoro cnncra  nony- 
qa~OTCg r a t  COOTBeTCTBy}OttlHe npoerunn  4-MepHb~X 

Ta6mI~a 4. Mampm/bt eenepamopoa 4-MepttblX epynn cu,umempuu nanpaa:lenm, tx cmep:rJcneh 

1. Knaccbi No 1-8 Ta6n. 3 (Hn3mrte crtcxeMbi). 

2111(T): ( i ~  0 1 )  lI21(T): 

ol  o 

Oo 
1221(E): ( i  ~ 00i) 2121(E)" 

Oo~ 

2. Knacci, i No 9-15 ('TerparoHam, m, ie' CFICTeMbI). 

3. Knaccbi No 16-27 ('re~caronanbH~ie' CHCTeMm). 

° o 

° o 
2121(E): ( i  ~ 0 i )  

O l  

4. KnaccLi J~_o 28-32 ('ry6rtnecKae' CaCXeMb0. 

ox 
0 

(i o~ 

(i oo 
o o  

(ii i) 

2211 (E): 

o~ 

421(F): 

l121(T): 

(i I o oo  

Oo~ 0 

o~ 

2121(E): 

(i°o°i) 

61 I(Z): 

2111(T): 

(i 1o° it 1 
o°o 

621(N): 

1121(T): 

I11  oO 
0 

2121(E): 

1211(T): 
Ii°°i) 

oO~ 

1221(E): 

(i o° i) oT 
0 



rpynn  HeHanpaBJIeHHBIX cTep:~He~, KOTOpBIe BBIBe- 
/IeHBI HaMI~ B qHcyle 206 (11 n3 HnX He MOFyT 6bITb 
npoeKTnpyeMt, i no HOpMamt r ocn cTep~Ha). 3aMeTnM, 
• ITO npn npoeKTnpoBaHnrI no HOpMaan r ocn cTep~Ha 
oT6pomenm, m 3aMop3aeBt, iM n FastapcrnM 18 an- 
anTnOMopqbm,ix 4-Mepn~,~x cTepz<nea~,IX rpynn  ~amT 
TpexMepHB~e my6Hrtro~c~ne rpynnbi,  Bxoaatttne 
COCTa~ 1651. Ta6strtm,~ Bcex 4-Mepm,~x cTep~HeBbIX 
Fpynn CI,IMMeTpI,II, I BBI'I~y I,IX FpOMO3)~KOCTI4 3~ecb He 
nptlBO)I~TC~I. Hpn  npoeKTnpoBaHnn rpynn  CHMMeTpnn 
4-MepHs~X sesanpaBJ~eHm,~x cTep~Hefi B~IOJ~B OCH 
cTep:~H~, rOU614HHpy~t o6a on~IcaHnb~e a § 1 npnnRi4na 
npoerTnpoBann~, MBI MO)I(eM no~IyqnTS 3-MepH~ie 
TOqeqHBIe rpynnb~ )IByxKpaTHO~ aHTI~CI4MMeTpHIt. 
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For use in subsequent parts of this series, some main concepts of mathematical crystallography (arith- 
metic crystal class, geometric crystal class, lattice, Bravais type, crystal family, holohedry, crystal system) 
are defined algebraically. 

In order to deal with n-dimensional crystallography, 
one first has to discuss how the concepts, familiar 
f rom 2- and 3-dimensional space, can be described 
mathematical ly  in such a way that  they can be carried 
over to higher dimensions. For  us this task arose when 
- some time ago - we started to investigate crystallo- 
graphic groups of  4-dimensional space; in part icular  
we wanted to use formulat ions suitable for the appli- 
cations of  group theoretical computer  programs (cf. 

Felsch & Neubfiser, 1963). In this first paper  we give 
such formulat ions in an algebraic way. We do not  claim 
that  these formulat ions are new. The methods of  our 
investigations will be described in a second paper,  a 
third one will contain some of  the results. 

Al though its main purpose is to prepare the ground 
for these investigations, the formulat ions in this paper  
may  also help towards a better unders tanding of  some 
problems of  3-dimensional crystal lography. As an ex- 


